We propose, within the effective one body (EOB) approach, a new, resummed, analytical representation of the gravitational wave energy flux absorbed by a system of two circularized (nonspinning) black holes. This expression is such to be well-behaved in the strong-field, fast motion regime, notably up to the EOB-defined last unstable orbit. Building conceptually upon the procedure adopted to resum the multipolar asymptotic energy flux, we introduce a multiplicative decomposition of the multipolar absorbed flux made by three factors: (i) the leading-order contribution, (ii) an "effective source" and (iii) a new residual amplitude correction (ρ H ℓm )
I. INTRODUCTION
A ground-based network of interferometric gravitational wave (GW) detectors is currently being upgraded to an improved sensitivity and is expected to detect, within a few years, the GW signal emitted during the inspiral and merger of compact binaries. The effective one body (EOB) approach to the general relativistic twobody dynamics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] is the most promising analytical tool currently available to model the dynamics and radiation emitted by coalescing compact binaries, notably binary black holes (BBH). The EOB analytical description of the binary dynamics mainly relies on two building blocks: the resummed EOB Hamiltonian H real , that takes into account conservative effects; and the mechanical angular momentum loss F ϕ , also given in resummed form, that takes into account nonconservative effects due to GW emission (radiation reaction). The current analytical construction of both H real and F ϕ has reached a high degree of sophistication for both spinning and nonspinning binaries. Several recent comparisons with numerical relativity simulations [13] [14] [15] [16] [17] of inspiralling and coalescing relativistic binaries, and with gravitational self force calculations [18] have vindicated the EOB approach both as a mean to deeply understand the physical outcome of such simulations and as a practical tool to build accurate analytical template waveforms for data analysis purposes [19] .
In the typical EOB implementation for circularized black hole binaries with comparable masses, the radiation reaction force F ϕ is computed only from the asymptotic GW energy flux. This choice is typically rather accurate during the early inspiral phase. On the other hand, the cumulative effect during the late inspiral and the plunge -typically after the crossing of the last stable orbit (LSO) -of horizon absorption can have a nonnegligible, though small, influence on the phasing. This might have some relevance (especially in the spinning case) in the ongoing effort in interfacing numerical simulations with analytical, EOB-based, predictions.
The analytical results about horizon absorption of GWs are collected in a few papers: in a pioneering study in the test-mass limit, Poisson and Sasaki [20] computed analytically the leading-order contribution to black-hole absorption for a particle on circular orbits around a Schwarzschild black hole, providing closed analytical formulas valid for all multipoles. This work was then generalized by Tagoshi, Mano and Takasugi [21] , who considered black-hole absorption for a particle in circular equatorial orbits around a Kerr black hole. Alvi [22] provided the leading order calculation of the growth of mass and angular momentum due to horizon absorption for a general, spinning binary.
More recently, Poisson and coworkers have been very active in investigating the dynamics of tidally deformed black holes [23] [24] [25] [26] , with several computations (in the small-hole/slow-motion approximation) of the tidal heating and torquing of a black hole induced by an external tidal environment. In their language, the expression"tidal heating" of a black hole refers to the change of its mass that occurs as a result of the tidal interaction; "tidal torquing" refers to the change of its angular momentum. The state-of-the-art analytical information that we shall exploit here (in the nonspinning case only) is the tidal heating of a black hole of mass m A created by an external body of mass m B as computed by Taylor and Poisson [24] for a circularized, spinning, binary in the weak-field approximation. The result of Ref. [24] is obtained at a higher order of accuracy than what is achieved in Ref. [22] . The crucial physical information that can be extracted from these analytical studies can be summarized in two points: absorption effects are fractionally more important (i) when the black holes are spinning and (ii) when the mass-ratio is large.
In the comparable mass case, and building on a suggestion of Price and Whelan [27] , the influence of absorption effects on the phasing was also investigated by Alvi [22] for the first time, using the weak-field approximation and at leading order. The conclusion of this study is that horizon absorption would change the phasing by no more than a tenth of a cycle by the time the binary merge. Notably, this leading-order estimate is much larger than the uncertainties of state-of-the-art numerical simulations of coalescing black hole binaries [28, 29] , suggesting that it can be an effect extractable from the numerical data. Consistently with this understanding, a recent NR simulation of a nearly-extremal spinning black hole binary [30] has shown a remarkable agreement, during the early inspiral, between the rate of growth of the irreducible mass and angular momentum of the black hole horizons computed numerically and Alvi's analytical prediction. This numerical result suggests that it is recommendable to include horizon absorption effects in the EOB-based analytical modeling of coalescing black hole binaries. To our knowledge, absorption terms have been included in the EOB model (though in nonresummed form) within the context of an extreme-mass-ratio (spinning) inspiralling binary, a study that aimed at determining the suitability of EOB-based template waveforms for LISA data analysis purposes [31, 32] .
For noncircularized binaries the effect of black-hole absorption is more relevant [33] [34] [35] . For example, in the test-mass limit (on Schwarzschild) absorption effects were thoroughly investigated by Martel [34] (and more recently in Ref. [36] ): he considered both eccentric and parabolic orbits and found that the absorbed flux is nonneglible (larger than 1% of the asymptotic flux) for orbits whose periastron is smaller than 5M . On the basis of these test-mass results, one expects that horizon fluxes should have some relevance (even in the nonspinning case) also for comparable mass binaries with an analogous dynamical setup, for example when a zoomwhirl behavior is present [37] [38] [39] [40] .
The main purpose of this paper is to provide an analytical expression of the (multipolar) horizon-absorbed flux for circularized, nonspinning, binaries within the EOB framework that is valid also in the strong-field, highvelocity regime, i.e. possibly up to the EOB-defined last unstable orbit. This result builds upon three different pieces of knowledge: (i) the leading-order and next-toleading order analytical results for the multipolar horizon flux of Refs. [20, 24] ; (ii) the accurate numerical computation of the horizon fluxes for a test-particle orbiting along stable and unstable circular orbits of a Schwarzschild black-hole; (iii) the idea of suitably factorizing the analytical representation of the horizon flux, analogously to what was proposed (actually, at the waveform level) in Refs. [5, 41] . In addition, the numerical computation of the horizon-absorbed flux for unstable circular orbits of Schwarzschild is presented here for the first time.
The paper is organized as follows: Sec. II reviews the next-to-leading order analytical results of Refs. [20, 24] . In Sec. III we first present the structure of the factorized resummation of the asymptotic multipolar energy flux for circularized binaries within the EOB approach and then we introduce our, conceptually analogous, new, resummed representation of the multipolar horizon flux. In Sec. IV we calculate the residual amplitude corrections ρ H ℓm from the numerically computed horizon flux in the test-mass limit and in Sec. V we show how to use them together with the analytical results of Sec. III so as to obtain an explicit analytical expression of the horizon flux that holds for any mass ratio. We collect our conclusions in Sec. VI. We use geometrized units with G = c = 1.
II. ABSORBED ENERGY FLUX: PN-EXPANDED ANALYTICAL RESULTS
We start by reviewing the analytical results of Refs. [20, 24] . We consider a system made of two nonspinning black holes of masses m A and m B (with total mass M = m A + m B ) in circular orbit. In the following we shall use the symmetric mass ratio parameter ν = µ/M , where µ = m A m B /M . This parameter varies between ν = 0 (test-mass) and ν = 1/4 (equal-mass). Here, the "test-mass" limit is defined by the condition m B ≪ m A , i.e. M ≃ m A becomes the mass of the larger black-hole, µ ≃ m B that of the smaller one and ν ≃ m B /m A . The total energy flux emitted by the system can be written as a multipolar expansion of the form
where each multipolar contribution 1 F ℓm is given by the sum of the flux emitted at infinity, F ∞ ℓm and the "horizon" absorbed flux, F H ℓm ,
In the test-particle limit the absorbed flux is the energy flux through the event horizon of the large mass. In the case of two Schwarzschild black holes, it is the sum of the fluxes through the two horizons 2 . For a test-mass on Schwarzschild circular orbits the functions F ∞ ℓm have been recently computed by Fujita [43] up to the 14 post-Newtonian (PN) order. This achievement builds upon a systematic method that treats blackhole perturbations [44] and it improves on previous stateof-the-art 5.5PN-accurate calculation [45] . For the general ν-dependent case, the PN knowledge of F ∞ ℓm has been pushed up to 3.5PN order [46] [47] [48] [49] .
As mentioned in the introduction, much less analytical information is available for F H ℓm . The leading order (LO) contributions (for each multipole) in the test-particle limit (with the mass-ratio µ/M = ν ≪ 1) were computed long ago in closed form by Poisson and Sasaki [20] . Combining their Eqs. (5.7) and (5.13)-(5.18), one can rewrite each multipolar contribution in compact form as
where x = (M Ω) 2/3 is the PN frequency parameter (Ω is the system orbital frequency) and ǫ denotes the parity of the flux, i.e., even (ǫ = 0) for mass-generated multipoles and odd (ǫ = 1) for current-generated ones. In the circular case, ǫ is equal to the parity of the sum ℓ + m : ǫ = π(ℓ + m), that is ǫ = 0 when ℓ + m is even and ǫ = 1 when ℓ + m is odd. The quantities 0 Y ℓm and −1 Y ℓm are the spherical harmonics of spin-weight s = 0 and s = −1, that are given explicitly in Eqs. (5.7) and (5.13) of Ref. [20] , while
When the masses are comparable (and possibly equal), the state-of-the-art analytical knowledge is due to Taylor and Poisson [24] . As in the test-mass limit, the calculation is based on the weak-field approximation but, contrary to the result of Ref. [20] , it is complete at nextto-leading order (NLO), i.e. 1PN fractional accuracy.
Let us now review the results Ref. [24] and recast them in a form that is useful for our purpose. Focusing on the object labeled by A, the NLO (i.e., 10PN accurate) "rate at which the black hole acquires mass by tidal heating" is expressed as the sum of a ℓ = m = 2 and a ℓ = 2, 2 Note that our definition of F H ℓm in the test-mass limit is neglecting the flux absorbed by the black hole of smaller mass that is in any case smaller by the fourth-power of the mass ratio. It is however remarkable that the quadrupolar contribution to this quantity has been explicitly computed by Poisson in closed form, see Eq. (8.52) of Ref. [42] . If the need arises, it can just be added to Eq. (2). m = 1 contributions, which explicitly read (see Eq. (9.1) of [24] ) 
wherer is the orbital separation in harmonic coordinates. The quantitiesĒ ab andB ab are the electric and magnetic tidal moments in the black hole frame and the overdot refers to time derivative in the same frame; we used the relations mentioned after Eqs. (9.2)-(9.3) of [24] ) to write explicitly the right-hand sides. Summing together these two pieces gives the final, fractionally 1PN-accurate, contribution to the expression for tidal heating given by Eq. (9.4) of Ref. [24] . The total multipolar horizon fluxes of the binary system are then given by
which become
where we made now explicit the dependence on the symmetric mass ratio parameter ν. One then wants to express the harmonic radiusr in terms of the gaugeinvariant frequency parameter x = (M Ω) 2/3 . At the needed 1PN accuracy, this relation reads [50] 
so to get the gauge-invariant results
Note that the leading-order contributions
reduce to Eq. (3) (for ℓ = 2, m = 1, 2) in the ν → 0 limit. Equations (13)- (14) are basically the only analytical information present in the literature about horizon absorption for nonspinning black-hole binaries in the comparable mass case 3 .
III. RESUMMED REPRESENTATION OF THE ABSORBED ENERGY FLUX
The purpose of this section is to obtain a physically motivated analytical expression of the absorbed energy flux for circularized, black-hole binaries (for any mass ratio ν) that has the property to remain valid also away from the weak-field, slow-motion assumption that is at the basis of the derivation of Eqs. (13)- (14). More precisely, we would like to obtain, by a physically motivated guess within the EOB framework, a resummed analytical expression that is well behaved in the strong-field, fastmotion regime, possibly up to the last unstable circular orbit. To to so, we will introduce a factorized, analytical model of the absorbed multipolar flux that is inspired by the procedure followed in Ref. [5] to treat the analogous problem in the case of asymptotic fluxes.
A. Factorization of the multipolar asymptotic flux
Let us first recall the prescription that is used to compute the resummed asymptotic energy flux (in a factorized form) for circularized binaries in the EOB approach. For circular orbits, the dynamics is typically parameterized in terms of the gauge-invariant frequency parameter x = (M Ω) 2/3 introduced above. The conservative dynamics is described by the real EOB Hamiltonian
whereĤ eff = H eff /µ is the (reduced) effective Hamiltonian. When ν → 0,Ĥ eff reduces to the usual conserved energy of a test-mass µ in a Schwarzschild background of mass M . The explicit expression ofĤ eff as a function of the frequency parameter x cannot be written in closed form, but rather in parameterized form in terms of the EOB inverse radius parameter u ≡ M/r, that is aŝ
where A(u) is the EOB radial potential and j is the dimensionless angular momentum along circular orbits.
3 Notably, in Ref. [23] Poisson was able to compute also the octupole contributions to the metric of a distorted black hole. This means that in the literature there is already enough information to compute at leading order the ℓ = 3 black-hole absorption part by following the same procedure of Ref. [24] .
The PN-expansion of A(u) at 3PN accuracy is
but then we use it in a Padé resummed form, that allows for the presence of an "effective" horizon, an effective "light-ring" (i.e., corresponding to the last unstable orbit) and of the last stable orbit (LSO). Since we work at 3PN accuracy, we use a (1,3) Padé representation
The circular orbits in the EOB formalism are determined by the condition ∂ u {A(u)[1 + j 2 u 2 ]} = 0 which leads to the following parametric representation of the squared angular momentum
where the prime stands for d/du. Inserting this uparametric representation of j 2 in Eq. (18) defines the u-parametric representation of the effective Hamiltonian H eff (u). One can then obtainĤ eff as a function of x by eliminating u betweenĤ eff (u) and the corresponding u-parametric representation of the frequency parameter
2/3 obtained by the angular Hamilton equation of motion in the circular case
The use of the variable x to parameterize the adiabatic circular dynamics is the standard choice when one focuses on stable circular orbits [3, 5] (i.e., orbits corresponding to the local minimum of the effective potential A(u)(1 + j 2 u 2 ) [1, 51] for a given value of j). In this case, the factorization of the waveform introduced in [5] allows us to factorize each multipole of the asymptotic energy flux as
where
ℓm (x; ν) is the Newtonian contribution for circular orbits,F (∞,ǫ) ℓm (x; ν) symbolically represents all higher-order relativistic corrections and ǫ is the parity of the sum ℓ + m. To be precise, the quantities F
3+ℓ+ǫ are the fluxes computed from the Newtonian contribution to the circular gravitational waveform, h (N,ǫ) ℓm as given by Eq. (4) of Ref. [5] . The relativistic correction factor is written in resummed form asF
where S (ǫ) eff is the effective source of the field,
The quantity T ℓm is the "tail factor" that takes into account the infinite number of "leading logarithms" entering the transfer function between the near zone multipolar wave and the far-zone one due to tail effects. This factor is written as [5] T
. Finally, ρ ∞ ℓm are the residual amplitude corrections that are essentially given as Taylor series (modulo log(x) n terms) of the form ρ ∞ ℓm (x; ν) = 1+x+x 2 +x 3 +. . . with ν-dependent coefficients. In the test-mass limit, the ρ ℓm 's are currently analytically known at 14PN order [43] . In the general, ν-dependent case the available analytical information is more limited, nonetheless it gets up to 3PN order [5] . This ν-dependent information is then "hybridized" with the test-mass limit results (at 5PN-accuracy only) to compute the so-called 3 +2 PN approximation that has been used recently in several comparisons between EOB predictions and numerical simulations of nonspinning inspiralling and coalescing compact binaries [15-17, 41, 53] . Moreover, in the test-mass limit the ρ ∞ ℓm 's have also been computed numerically, using black-hole perturbation theory, for stable [5] and unstable [54] circular orbits.
When one wants to consider also the unstable circular orbits predicted by the EOB conservative dynamics [1, 51] (i.e., orbits corresponding to the local maximum of the effective potential A(u)(1 + j 2 u 2 ) for a given value of j), as we are going to do here, a complication occurs, since the variable x is found to be ill-behaved for these orbits. When expressed as a function of u, x does not grow monotonically (as in the test-mass limit, where it is simply x = u), but it has a maximum and then decreases, to go to zero at the EOB last unstable orbit (or EOB-defined "light-ring", that in the adiabatic approximation is defined as the maximum of the function u 2 A(u)). The effect of this on the fluxesF (∞,ǫ) ℓm (x; ν) is that they grow monotonically until the maximum of x and then turn back (i.e., they are not functions anymore). This behavior is obviously qualitatively incompatible with the test-mass result, where the asymptotic fluxes are always growing monotonically until they diverge at the light-ring position, x = 1/3.
To meaningfully compute a resummed representation of the energy flux along unstable orbits we need first to use a different, well-defined, frequency parameter. A simple possibility is given by the following variablê
which does not vanish at the EOB light-ring as a function of u and it is continuously connected to the standard frequency parameter x both in the test-mass and Newtonian limits. The notationx that we use here reminds us of the variablek in Eq. (27) , that can be written aŝ k = mx 3/2 . More importantly, the use ofx suggests a slightly different factorization of the resummed energy flux. To derive it, we take Eq. (23) and we first make it explicit the dependence of x onx, i.e.
where x(x) symbolically represents the inverse of Eq. (28) . Note that in the tail factor the dependence onx is left explicit because of Eq. (27) . We then replace the function
that is obtained by inverting the 3PN-accurate expansion of Eq. (28), and, as a last step, we crucially factorize out from the resulting modified Eq. (29) the Newtonian prefactor considered now as an explicit function of x, F (N,ǫ)
ℓm (x) ∝x ℓ+3+ǫ . It follows that a new residual amplitude correctionsρ ∞ ℓm (x; ν) is defined as the following expansion in powers ofx
where the notation Taylor N {...} indicates the Taylor expansion of the argument inside the curly brackets at order N . Here N is the highest power present in the Taylorexpanded ρ ∞ ℓm (x; ν) in Eq. (24) . At the end, a new, different,x-dependent, expression for the asymptotic multipolar flux that is well-behaved along both stable and unstable circular orbits is
Note that the ν-dependent coefficients of the Taylor 
where eulerlog m (x) = γ + log 2 + 1 2 logx + log m. Evidently Eqs. (31)- (33) 
B. Factorization of the multipolar horizon flux
We have seen in the previous section that after factorization all information about the asymptotic GW amplitude and asymptotic GW energy flux is contained in the ρ ∞ ℓm (orρ ∞ ℓm ) functions that are therefore the only real unknowns of the problem (for a given factorization). Let us focus now on the horizon-absorbed flux. The strategy that we shall follow here is to introduce a resummed factorization procedure for the multipolar horizon fluxes that is analogous to the one used above for the asymptotic fluxes. The main idea is to factorize out from the PN-expanded representation of the horizon fluxes, given by Eqs. (3), (13) and (14), both the leading-order contributions (analogous to the Newtonian prefactor in the asymptotic fluxes) and the effective source so to eventually introduce some residual (horizon) amplitude corrections ρ H ℓm (x; ν) of the form 1+x+x 2 +. . . (or correspondinglyρ H ℓm (x; ν) = 1 +x +x 2 + . . . ) that take into account the remaining PN corrections. As in the previous section, we first present a factorization that is well-behaved for stable circular orbits only. We then start from this result to obtain a different factorization of the horizon flux where the leading-order prefactor is an explicit function ofx and so it is meaningfully defined for stable and unstable circular orbits.
We write each multipolar contribution to the horizon flux as
where F
ℓm (x; ν) accounts for all higher-order relativistic corrections. We then factorizeF
The physical reason for factorizing the effective source inF
ℓm (x; ν) is the same one done in Ref. [5] for F (∞,ǫ) ℓm (x; ν). The idea in Ref. [5] was motivated by the form of the equation satisfied by each partial wave in the circular test-mass limit with a source made up of the important dynamical constituents of (test-particle) dynamics, i.e. its energy and angular momentum (see discussion below Eq. (8) of [5] ). Note that, as it is the case withF (∞,ǫ) ℓm (x; ν), the factorization of the source for each multipole actually means factorizing out the singular behavior of the absorbed energy flux at the (EOB-defined) light-ring 5 . Notably, Ref. [54] has shown that, in the test-mass limit, the numerical ρ ∞ ℓm (x; 0) functions appear to be regular when x is close to 1/3. This a posteriori confirms the intuition that the singular behavior of the flux at the light-ring is only due to the squared source. Similarly, in proposing here the factorization (35), we are assuming the same singular behavior also for the horizon fluxes, so that we expect the functions ρ H ℓm (x; 0) to be regular when x is close to 1/3. In Sec. IV we will see that this intuition is supported by the behavior of the "exact" test-mass ρ H ℓm (x; 0) computed numerically 6 .
Let us now compute the explicit analytical expressions of the ρ H ℓm (x; ν)'s. Evidently, since (1PN) fractional corrections have been analytically computed only for the ℓ = m = 2 PN-expanded horizon flux, Eq. (13), one can obtain them only for ρ H 22 (x; ν) and only at 1PN fractional accuracy, while ρ H ℓm (x; ν) = 1 (i.e., 0PN fractional accuracy) for all other multipoles. By factoring out of Eq. (13) the effective source,Ĥ eff (x; ν), and the leading-order contribution, F HLO 22 (x; ν) = (32/5)ν 2 (1 − 4ν + 2ν 2 )x 9 , taking the fourth root and then expanding this latter at 1PN accuracy, we obtain
The combination of Eq. (35) and Eq. (36) gives an analytical expression of the multipolar horizon flux that, as it was the case for Eq. (23) is ill-behaved along unstable orbits. We need then to apply the same procedure that lead to Eq. (32) for the asymptotic flux. We first make explicit the dependence onx in the horizon flux
then we replace in both F (HLO,ǫ) ℓm (x(x); ν) and ρ H ℓm (x(x); ν) the function x(x) withx 3PN (x), Eq. (30), and in the end we factorize in front F (HLO,ǫ) ℓm (x) as an explicit function ofx. Since this factor is proportional tô x 2ℓ+5+ǫ , this operation yields a new residual amplitude correction as the following expansion in powers ofx
where N is now the highest power present in the Taylorexpanded ρ H ℓm (x; ν) of Eq. (35) above. Eventually the new,x-dependent, expression for the horizon multipolar flux that is well-behaved along stable and unstable orbits isF
In the ℓ = m = 2 case we havẽ
while it isρ ℓm (x; ν) = 1 for all other multipoles. For ν = 0, wherex = x and thus ρ Since the highest PN analytical information available for theρ H ℓm 's is given by the 1PN-accurate result of Eq. (40) , that is limited to the ℓ = m = 2 multipole, the first question that one wants to address is about its accuracy in the strong-field, fast-velocity regime. In the test-mass limit this question can be answered exhaustively by comparing Eq. (40) with the numerical ρ H 22 (x; 0) that can be extracted from the numerical computation of the GW absorbed flux, in a way similar to what was done in Ref. [5] for the asymptotic fluxes. To this aim, we computed the horizon absorbed energy flux for a selected sample of circular orbits belonging to both the stable and unstable branch. Although the horizon flux has been computed in the past for stable circular orbits [34, 56, 57] , we are not aware of any published results for unstable orbits. We computed the horizon fluxes using the gravitational self-force (GSF) code developed in Ref. [58] , which is a frequency domain variant of the original self-force code of Ref. [57] . The GSF code used com- putes the O(µ/M ) metric perturbation. The flux is then obtained in terms of surface integrals of Weyl scalars evaluated at the event horizon of the large mass. For circular orbits, the expressions for the horizon and asymptotic fluxes go back to Teukolsky's work in the 1970s [59, 60] . We consider orbits with radii varying from r min = 3.1 to lar, the fractional uncertainty is extremely low, i.e. on the order of 10 −10 or smaller for all multipoles and for strong-field orbits (say r ≤ 10); it is at most of order 10 −2 -10 −3 for the l = 8, m = (2, 3) multipoles when r = 30. This apparent "inaccuracy" is due to the fact that beyond r ∼ 15, the magnitude of (ℓ, m) modes of horizon flux is comparable to or less than machine accuracy. So the concept of "fractional accuracy" becomes numerically meaningless. For example, the ℓ = 8, m = 1 multipolar contribution is (∼ 10 −33 ). 
where in the test-mass limit one haŝ
The result of this computation is shown in Fig. 2 for multipoles up to ℓ = 7. An important feature highlighted by the plot is that the value of ρ H ℓm increases by a considerable factor (between 3 and 4) when x varies from 1/30 to 1/3.1. Such a behavior is rather different from the quasi-linear (decreasing) trend of the numerical ρ ∞ ℓm found in Refs. [5, 54] (see Fig. 3 and 4 of [5] and Fig. 7 of [54] ). This fact shows that the 1PN approximation of ρ H 22 will be rather rough and more analytical information is needed to reproduce the correct behavior of the ρ H ℓm (x; 0) of Fig. 2 towards the light-ring (see also the discussion around Fig. 3 below) .
In the absence of high-order PN results for the horizon fluxes that allowed us to push the analytical knowledge of ρ H ℓm to higher order, for the moment we content our- selves to have an effective analytical representation of the numerical results in terms of simple functions. A convenient procedure to do so is to fit the numerical data with a suitable function that tends to 1 when x → 0. We found that the following rational function
works well for all multipoles (and especially for the ℓ = m = 2 one, which presents a characteristic "bump" close to the light ring, similarly to the ρ ℓm (x; 0)'s [54] ). The coefficients are listed in Table I for multipoles up to ℓ = 7.
One notes that their values are (on average) relatively small due to the choice of a rational function to perform the fit. Had we used instead a polynomial expression (with the same number of free parameters) we would have obtained much larger numerical values.
From Table II shows that the value 1 is a good approximation for several (actually, almost all) multipoles. In particular, one has c 22 1 = 0.93406, which is smaller only by a 6.6% with respect to the analytically predicted value. This, rather small discrepancy is due to the global nature of the fit. Note in fact that this agreement can be further improved by including also a x 5 -type term in the numerator of Eq. (44), so to allow for more flexibility. In this case, the coefficients of the fit take the following numerical values (n 1 , n 2 , n 3 , n 4 , n 5 , An alternative possibility is to impose the analytical 1PN value as a constraint in the fit, i.e. by asking that d As mentioned above, the important information conveyed by this comparison is that the 1PN analytical result gives only a rough approximation to the numerical data, since it differs from them by about a factor of 3 when x → 1/3. Interestingly, the plot shows that one needs to expand Eq. (44) to (at least) 4PN (effective) order to have a good averaged approximation to the full data. This result also suggests that one would probably need at least a 4PN analytical calculation (beyond the leading order x 9 contribution) of the absorbed flux (i.e., up to (v/c) 26 ) in the test-mass limit so to have sufficient analytical information to provide a good approximation to the exact data. Due to recent achievements in the computation of the ρ ∞ ℓm (x; , 0) [43] , this seems a doable task.
V. THE HORIZON FLUXES IN THE ν-DEPENDENT CASE
Let us now turn to discuss the ν-dependent case of ρ H ℓm (x; ν) and in particular how to use the ν = 0 information there. As mentioned above, Ref. [5] argued that it is meaningful to hybridize the ν-dependent with ν-independent information for the ρ ∞ ℓm provided that the ν-dependence of the coefficients of their Taylor expansion is sufficiently mild. Following this reasoning, Ref. [5] developed the so-called 3 +2 PN approximation to the ρ ∞ ℓm : the ν-independent terms (up to 5PN fractional accuracy for the ℓ = m = 2 multipole) added to the ν-dependent ones so to obtain expressions that are formally of high PN order, though the ν-dependence appears only in the low-order terms (e.g., up to 3PN for the ℓ = m = 2 multipole).
We aim here at applying the same methodology to increase the usable analytical information available for thẽ ρ H ℓm (x; ν)'s. After our analysis in the test-mass limit, we have clearly seen that the current analytical approximation for theρ H ℓm is rather inaccurate whenx increases. Luckily, we have also found that, at least for the ℓ = m = 2 case, the ν-dependence ofρ 22 (x; ν) is rather mild, which suggests that an hybridization procedure can also make sense here. The unfortunate complication is that the maximum analytical information for theρ H ℓm is the same for both the ν = 0 and ν = 0 cases. To overcome this problem, we propose then the following strategy. Since the rational function representation of ρ H ℓm (x; 0) looks robust enough, we use it to obtain a hopefully reliable estimate of the (effective) PN coefficients up to 4PN. We then hybridize the 1PN, ν-dependent analytical coefficient with the so-obtained test-mass 2PN, 3PN and 4PN coefficients. Focusing on the most relevant ℓ = m = 2 multipole for definiteness, we propose to writẽ ρ 
where the 1PN coefficient is the exact, ν-dependent one coming from the analytic calculation of Eq. (40), while the (ν-independent) c We finally plug Eq. (46) into Eq. (39) so to complete our proposal to describe the (ℓ = m = 2) horizon flux along the circular binary dynamics, including unstable orbits. For simplicity we consider the EOB model with the 3PN-accurate representation of the A(u) function discussed above, but there is evidently no difficulty in computing the same quantity with the 5PN-accurate, NR-tuned EOB potential, i.e in the presence of the (a 5 (ν), a 6 (ν)) functions of Refs. [16, 41] .
The two panels of Fig. 4 compare and contrast the ℓ = m = 2 horizon and asymptotic fluxes, plotted versus x =x in the test-mass limit (ν = 0, left panel) and versuŝ x in the equal-mass case (ν = 1/4, right-panel). The blow up, that for the test-mass limit happens at x LR = 1/3, occurs atx LR = 0.3625 (corresponding to r LR = 2.8456) in the 3PN-accurate, equal-mass case. Note that in the testmass limit we present three different analytical curves: (i) the resummed asymptotic flux, with a 5PN-accurate expression for ρ H 22 (x; 0); (ii) the "exact" horizon flux, where ρ H 22 (x; 0) is given by a complete fit to a rational function, and (iii) the 4PN approximation to this latter fit given by Eq. (46) above. The figure indicates that this approximation is rather accurate up to x ≃ 0.295, i.e. r ≃ 3.4, which gives us confidence that it is meaningful to use it also in the equal-mass case. In addition we also show for completeness the F Hnum 22 /ν 2 numerical points. In the equal-mass case the horizon flux is compared to the asymptotic flux computed at the 3 +2 P N approximation from Eq. (32), notably using theρ 22 (x; ν) of Eq. (33) (hybridized with 4PN and 5PN test-mass terms).
The same procedure can be followed for the other multipoles, that will become more and more relevant for decreasing values of ν. Evidently, since the ν-dependent analytical information is currently limited toρ 22 (x; ν) only, one is obliged to use the test-mass ρ ℓm (x; 0) in PN- ℓm (x; ν), the full ν-dependence is present only for the ℓ = 2, m = 1 (see Eq. (14)) multipole, while for the others one can only use the partial ν-dependent information provided by Eq. (3).
VI. CONCLUSIONS
We have presented a recipe, within the EOB approach, to put together analytical and numerical results so to build an analytical expression of the horizon-absorbed flux of gravitational waves for circularized black-hole binaries. Our result is not limited by the weak-field, slowmotion approximation, but it is well-behaved also in the strong-field, fast-velocity regime, notably up to the last unstable circular orbit as defined by the EOB adiabatic dynamics. In this respect, our final analytical expressions incorporate the slow-motion results currently present in the literature [20, [22] [23] [24] , but go beyond them adding new information in a resummed form. In practical terms, we do so by introducing a suitable factorization of the horizon flux, analogous to what was done some time ago for the asymptotic flux [5] . This factorization is such that the only information that needs to be computed is encoded in the residual amplitude correction to the horizon waveform,ρ H ℓm (x; ν), which plays a role analogous to the residual amplitude corrections to the asymptotic waveform,ρ ∞ ℓm (x; ν) introduced in Ref. [5] and slightly modified here to make it well-behaved also below the LSO.
In the test-mass limit (ν = 0), we have computed the ρ H ℓm (x; 0)'s numerically and we have then fitted them with certain rational functions so to obtain a portable analytical representation. The accuracy of such a fit, and in particular the consistency with 1PN-accurate analytical results extracted from Ref. [24] (∼ 7% or smaller), makes us confident that it gives a reliable effective representation of the exact analytical ρ H ℓm (x; 0) as it could be obtained from a high-order PN calculation able to bring in further corrections to the (fractional) 1PN-accurate result of Ref. [24] . This calculation is not present in the literature, but we recommend it be pushed at least up to fractional 4PN order (i.e. 13PN in all) so to hopefully obtain a reasonable accuracy towards the light-ring for the ℓ = m = 2 mode.
In the ν-dependent case, we have proposed an expression forρ H 22 (x; ν) given by Eq. (46) that hybridizes the 4PN-accurate Taylor expansion of the test-mass fit with the 1PN-accurate calculation extracted from [24] . This kind of hybridization can be conceptually performed also for the other multipoles, although ν-dependent (leadingorder) analytical information is available only for the ℓ = 2, m = 1 one, Eq. (14) . The ℓ = 3 leading-order expressions are implicitly present in Ref. [23] and can be made explicit by suitably extending the computation of Ref. [24] .
The main result of this work is to provide analytical formulae for the horizon flux for any ν that are resummed and that incorporate more information than the nextto-leading-order results of Ref. [24] . The final aim of such expressions is to be incorporated (as a piece of the radiation-reaction force) in the EOB description of coalescing, nonspinning, black-hole binaries. Although for this kind of systems horizon absorption is expected to be small (since it is a fractional 4PN effect), nonetheless, it will introduce a correction to the phasing that might be relevant in ongoing comparisons with NR waveforms. As a preliminary exploration of this effect, we considered the (a 5 , a 6 )-dependent EOB model of Ref. [8] and we added a term of the form F H ϕ = −1/(8πΩ)F H 22 to the standard radiation reaction. As in Ref. [15] , we se-lected the values a 5 = −6.37 and a 6 = 50 that belong to the region in the (a 5 , a 6 ) plane of good agreement between EOB and numerical-relativity equal-mass waveform found in Ref. [41] (see also Ref. [16] ), and we focused on an equal-mass binary q = m A /m B = 1 (ν = 1/4) and a q = 3 binary (ν = 0.1875). For the q = 1 case, the dephasing due to our additional F H ϕ is ≃ 5 × 10 −3 rad at the light-ring crossing, and thus of the order of the estimated phase accuracy of state-of-the-art NR simulations, 10 −2 rad [28, 29] ; on the contrary, for q = 3 this accumulated dephasing is as large as ∼ 0.1 rad at lightring crossing. To give more weight to this preliminary analysis, before embarking in the study of the spinning case where absorption effects are expected to be more relevant, it will be important to assess the accuracy of the fits to the test-mass ρ H ℓm 's, and thus of the analytical F H ϕ , in the dynamical case of BBH coalescence in the test-particle limit [54, 61, 62] . This work is currently in progress and will be presented in a separate publication [63] 
